Natural curvature operators of bounded spectrum  by Blažić, Novica
Differential Geometry and its Applications 24 (2006) 563–566
www.elsevier.com/locate/difgeo
Natural curvature operators of bounded spectrum ✩
Novica Blažic´ 
Faculty of Mathematics, University of Belgrade, Studentski Trg. 16, P.P. 550, 11000 Belgrade, Serbia and Montenegro
Received 24 May 2005
Available online 3 March 2006
Communicated by P.B. Gilkey
Abstract
LetM be a pseudo-Riemannian manifold of signature (p, q) where p  1 and q  1. If the Jacobi operator has pointwise
bounded spectrum on the pseudo-sphere bundles of unit spacelike or timelike vectors, thenM is pointwise Osserman. Similar
results are established for other natural operators of Riemannian geometry. Rigidity phenomena in Lorentzian geometry are dis-
cussed.
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1. Introduction
Let R be the curvature of the Levi-Civita connection on a pseudo-Riemannian manifoldM := (M,g) of signature
(p, q) where p  1 and q  1. Let S±(M) be the pseudo-sphere bundles of unit spacelike (+) and timelike (−)
vectors:
S±(M) := {x ∈ TM: g(x, x) = ±1}.
Let J (x) :y → R(y, x)x be the Jacobi operator. One says thatM is pointwise spacelike (resp. timelike) Osserman
if for every P ∈ M , the eigenvalues of J are constant on S+P (M) (resp. on S−P (M)); the eigenvalues are permitted to
vary with P ; these are equivalent concepts [5] so one simply says M is pointwise Osserman in this setting. We refer
to [1,2,5,7] for a further discussion of the spectral geometry of this operator in the indefinite setting.
One says that M has pointwise bounded spacelike (resp. timelike) Jacobi spectrum if the eigenvalues of J are
uniformly bounded on S+P (M) (resp. S−P (M)) for every P ∈ M . The following is the main result of this paper:
Theorem 1.1. Suppose M has pointwise bounded spacelike or timelike Jacobi spectrum. Then M is pointwise Os-
serman.
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restricted to a connected component of the natural domain of definition; if the spectrum is pointwise bounded, then
the eigenvalues are pointwise constant. For example, if R is the skew-symmetric curvature operator, then natural
domains of definition are the Grassmannians Gr+0,2(TPM), Gr
+
1,1(TPM), and Gr
+
2,0(TPM) of spacelike, mixed, and
timelike oriented 2-planes. One has similarly that if the eigenvalues of R are pointwise bounded on one of these
Grassmannians, then the eigenvalues are pointwise constant on one and hence all of these Grassmannians. Similar
results hold for the conformal Jacobi operator, for the higher order Jacobi operator, for the Szabó operator, for the
complex Jacobi operator, for the complex skew-symmetric curvature operator, and for many other natural operators
of geometry. In Section 2, we prove an algebraic analogue of Theorem 1.1 from which the corresponding geometric
result follows. In Section 3, we apply Theorem 1.1 to deduce some rigidity results in Lorentzian geometry.
2. Algebraic curvature tensors
The Riemann curvature tensor R ∈ ⊗4T ∗M has the symmetries
R(x, y, z,w) = −R(y, x, z,w) = R(z,w,x, y),
(1a)R(x, y, z,w) + R(y, z, x,w) + R(z, x, y,w) = 0.
Let V be a real vector space which is equipped with a non-degenerate inner product 〈·, ·〉 of signature (p, q). If
A ∈ ⊗4V ∗ satisfies the symmetries of Eq. (1a), then A is said to be an algebraic curvature tensor. Let
M := (V, 〈·, ·〉,A).
We define an associated algebraic curvature operator A which is characterized by the identity:
〈A(x, y)z,w〉= A(x,y, z,w).
The Jacobi operator, the pseudo-spheres S±(V , 〈·, ·〉), and various other related notions are then defined analogously.
Theorem 1.1 follows from the following algebraic result:
Theorem 2.1. IfM has bounded spacelike or timelike Jacobi spectrum, thenM is Osserman.
Proof. We supposeM has bounded spacelike Jacobi spectrum; the timelike case is similar. Let Ti (x) := Tr{[JA(x)]i}.
Since Ti (x) is the sum of the ith powers of the eigenvalues, the functions Ti are uniformly bounded on S+(V ). Let
{e−1 , . . . , e−p , e+1 , . . . , e+q } be an orthonormal basis for V . Let
O := {x ∈ S+(V ): 〈e+1 , x〉 > 1
};
O is a non-empty open subset of S+(V ) since p  1. If x ∈O, we may choose θ0 ∈ R so that cosh θ0 = 〈e+1 , x〉 and
express
x = cosh θ0 · e+1 + sinh θ0 · v− for v− := {sinh θ0}−1(x − cosh θ0 · e+1 ) ∈ S−
(
(e+1 )
⊥).
Let vθ := cosh θ · e+1 + sinh θ · v− ∈ S+(V ). There exists n0 = n0(i) so that
Ti (vθ ) =
∑
−n0nn0
an,i(e
+
1 , v
−)enθ .
By assumption, Ti (vθ ) is a bounded function of θ ∈ R. Consequently, an,i(e+1 , v−) vanishes for n 
= 0 so Ti (vθ ) =
Ti (v0) is constant. Thus
Ti (x) = Ti (e+1 ) for x ∈O.
As Ti is real analytic and constant on a non-empty open set of S+(V ), Ti is constant on the component of S+(V ) that
contains e+1 ; as JA(x) = JA(−x), Ti is constant on S+(V ). This implies JA has constant spectrum on S+(V ) and
henceM is Osserman as desired.
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Tθ (z) :=
⎧⎨
⎩
z if z ⊥ Span{e+, e−},
cosh θe+ + sinh θe− if z = e+,
sinh θe+ + sinh θe− if z = e−.
Let G be the connected component of the orthogonal group O(p,q) containing the identity. Then G is generated by
the hyperbolic boosts Tθ described above. Let Ξ be a natural operator of Riemannian geometry with natural domain
of definitionD. LetD0 ⊂D be an orbit of G; assumeD0 is an open subset ofD. Let π ∈D0. The same argument used
to prove Theorem 2.1 shows that Tr{Ξ(Tθπ)i} is independent of θ . Consequently, Tr{Ξ(·)i} is constant on D0 and
hence the eigenvalues of Ξ are constant on D0. Analytic continuation can then be used to show that the eigenvalues
of Ξ are constant on D. This argument establishes an analogue of Theorem 1.1 for the skew-symmetric curvature
operator, for the Szabó operator, for the higher order Jacobi operator, and for many other operators of Riemannian
geometry.
3. Rigidity results
In the Riemannian setting (p = 0), the sectional curvature is locally bounded since the associated Grassmannian of
2-planes in TM is compact. In the indefinite setting, Kulkarni [10] has shown that if the sectional curvature is locally
bounded, then M has constant sectional curvature; see also the discussion in [3]. Similarly, in the indefinite setting,
if the Ricci curvature is locally bounded, then Dajczer and Nomizu [4] showed M has constant Ricci curvature. See
also [9] for related work.
Theorem 1.1 together with known properties of Osserman and of Szabó manifolds implies some striking rigidity
phenomenon in Lorentzian signature ([1] and [7], Theorem 3.1.9). Recall that the Szabó operator SR is defined by
setting
SR(x) :y → ∇xR(y, x)x.
Suppose M is Lorentzian. If the eigenvalues of J are pointwise constant on S±(M), then M has constant sectional
curvature [1,6]. If the eigenvalues of SR are pointwise constant on S±(M), thenM is locally symmetric [8]. One has
therefore:
Corollary 3.1. Let M be a Lorentzian manifold and let R and ∇R be the Riemannian curvature and covariant
derivative of curvature respectively.
(1) If M has bounded spacelike or timelike Jacobi spectrum at every point P of M , then M has constant sectional
curvature.
(2) If M has bounded spacelike or timelike Szabó spectrum at every point P of M , then M is locally symmetric.
Comments
The author passed away Monday 10 October 2005. The original draft of the paper submitted by the author to
J. Differential Geometry and its Applications has been revised by P. Gilkey, who is an editor of the journal, to facilitate
publication. In his manuscript, Professor Blažic´ thanked the referee of the original version of the paper, S. Nikcˇevic´,
M. Prvanovic´, M. Stojanovic´ and S. Vukmirovic´ for useful discussions and indicated that his research had been
partially supported by MNTS, Project 1854 (Serbia).
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